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lΣ = R
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t, b¯ = b1...bs ∈
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m : B → R+
®~¤
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{A = Ω\A ¢H£	¥ A Õ  ²2º
































Σt = Σ× ...× Σ︸ ︷︷ ︸
t−mal
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|a¯| := t,
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OﬃE a¯ = a1...at ∈ Σ
t, b¯ = b1...bs ∈ Σ
s 8MN
EJOﬃP9Q&OﬃSUTVPRE













K a¯ OﬃPRS·¶hE^­w3k·| : S b¯ =Xo S 6"7R: _}dLOﬃP9S3OﬃS¸TVP9E~dnP I a¯ ≤ ω B¹C3EUOﬃPRS YZ: E I
a¯ = a1...at `3SGWºOﬃPRS3O»O	Ł`3OﬃS
; ω = ω1...ωn... KGW
6>88 a¯ OﬃPRSU¶hE^­w3kU| : S ω P 8JI K 6"798:
a¯ = ω1...ωn _>P
79Iﬃ=
P9SGW s, t ∈ N K 8J: W 6>88 s ≥ t K`3SGWcP 8JI a¯ ∈ Σt OﬃPRS YZ: E I W[OﬃE
\^"S3_>O t K 8J:L8MN EJOﬃPRQOﬃSTVPRE 6 ` MN
Σsa¯ := {b¯ ∈ Σ
s | a¯ ≤ b¯}
B¹C3E<W[PRO
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Σ∗a¯ := {b¯ ∈ Σ










I a¯ 6 S[B 6 S3_>OﬃSKT : Q&OﬃP]TVPRO	W[OﬃEJ`3d¾B : EJd 6"7
Σ∗
2
:= Σ∗ _>O 8 O IJ;ﬃI]8 OﬃP =3 QOﬃS 8J:n8 OﬃPROﬃS













































































































































































n,m ∈ N, n ≤ m
;ﬂ%Q\



























∅ ∈ F ;
ÊÕﬂﬁÖ
Ë
A,B ∈ F =⇒ A \ B ∈ F ;
ÊÕﬂﬁﬃ
Ë































































































A \B = A ∩ {B = {({A ∪B).
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lΣ∞ := {g : Σ
∗ → R | sup
a¯∈Σ∗


































































t ∈ N v
ﬀ
c¯ ∈ Σ∗
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P (∅) = 0, ;=<>@?6AB
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587$7@ P (F) ⊂ R _^z6Q{o
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g ∈ lσ µ A ⊂ Σ

















































































































































































































































m,n ∈ N,m ≥ n
´³¿






















































































































































































∩n∈NFn = ∅ aFb
]NA
AcHN@ed Zf>XgY> @_A
N0 ∈ N h
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 a¯n ≤ a¯n+1







#_w,q Σ∗a¯n ⊂ Fn
8o
! *ﬂ *¨&)(+ ωk := (a¯n)k










!  (a¯n)k = (a¯m)k
























































setﬁu tn := |An|
¦! "! #


















































f : Σ∗ −→ N ∪ {−∞,∞}
a¯ 7→ sup{n ∈ N | ∃b¯ ∈ An : a¯ ≤ b¯},
r.#!p! #ﬁ! &
L
u* a¯ r.! ¯



































&'#* tn ≥ |a¯|
! #
L





r f(a¯) = −∞ *u#µ´?*5(+.s¨r.! ¶
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u*! u! #ﬁ! u»! 
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! c¨! #*! ufsB!¬,* 
rﬁ(N,
∀n ∈ N ∀a¯ ∈ A∞n ∃b¯ ∈ A
∞





!®! # n ∈ N ﬁ








! b¯ ∈ An+1








































!  f(a¯) = ∞ ª
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ÝÞãÙﬁäÞÛâNÚåß.à ã«æNà;çBâNã,ß.à ãÞà Úéè
âNêæNàcëNâNÚì¥íNãÞà ãÚ½à ÛÚ.çïîNð,ñò1è%óﬁã
a¯0








































































































P (Fn) = 0.
b
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÷à õ£Ûà¬Ýà Úò<ivà Û
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÷à ã}ﬁãó.çeÙﬁÚﬁæ«ß.à ãzx5ãæNÙﬁô'à ÚﬀÞà à ÛæNÞfÝÛðñ~yà¬ß.âðñûﬁßﬁîNÝ,Ý¨ß.Ûà{|âjÝÛÞÛëÛÞ,ü+Þ©ëNâNÚ
P
î+Ú
äNà ÛÚﬁà ãlﬀÞà êêàëNâNÚivà êî+ÚﬁæÛÝÞ ò

4.4RHpC48.(Ł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Þà ãà¬Ý,Ý,Ûà ãÞ|ÝÛ_ð,ñYÚJÙﬁÚYçBóﬁã èﬁâNãÞ,Ýà Þ ÙﬁÚﬁæNà ÚëNâNÚ5{1ã,ü+ô)î+ýNà Úî+Ù.ç¬ÛÚﬁæNà Úk Ù5ª î+ýNà Ú«î+Ù.ç
ß.à ÚﬃëNâNÚDß.à Ú¬®ÛÚﬁæNà Ú¹à ã à ÙﬁæNÞà Ú
σ





























































































à ÛÚ(ªDà ÚﬁæNà Ú
ÝÁ.ÝÞà ôﬃû.Ýâ^ä+î+ÚﬁÚcô)î+Ú)ÛôÂxêêæNà ô'à ÛÚﬁà Ú'äNà ÛÚﬁà5á®âNÚ
Ý,ÞãÙﬁäﬀÞÛâNÚ
Ý«
ãà æNà ê®ß.à ã'þ1êà ô'à ÚJÞà¹ëNâNÚ
σ(F)










Ý,Ý,î+æNà Úcóﬁ÷à ãfþ©ÛæNà Ú
Ý,ð,ñ
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æEç-ïIo)ïìç-ï Σ∗ æEç<ßáç-ïì5Ráß<æEç-Ý Ý²Þ´ß gm(a¯) := m(Z({a¯}))
àç-ìí-ì-ðeáßEåNÞ)âPãç

çâPãß4äßê)ç-ß í-ç-áê)ç-ß æÞ´ßß_R]æÞ)àPà2çààáâãîç-á gm
äÝ ç-áßç-ßzdÞ/f+a)ç5g@ìè)ïã<Þ´ß<æEç-éì5
gm ≥ 0












= m(Z({a¯})) = gm(a¯)




















ð÷ø(ê)éç-áâãàáß<æRfåHè)éê)ì mgm = m
ðoTç-áìç-ï2åHè)éê)ì gmg = g
Þ´ä<à























































































































































































































∀B ∈ B2 : f


























































A ∈ A ¢

















































































B′ = σ(F ′) ß 
ø}ðñ7ó
 ð ñòð  ñ+ð²÷
ö
ðó+ðóK÷ ÷	Ûð





















































































































a¯ = a1...at ∈ Σ
t
Pt(a¯) := Pt(X0 = a1, ..., Xt−1 = at) := P (X
−1



















ìS|î,pP}eðñ:÷ ý	·þ0÷òñc÷i	Kð&~ øSý$ ð²÷Z÷ð


































































































































Xt : ΩΣ −→ Σ




































































TΩ : ΩΣ −→ ΩΣ
ω = (ω1, ω2, ω3, ...) 7→ (ω2, ω3, ...),
=% ý
























T−nΩ A = {a1...anan+1...an+t ∈ Σ
n+t | an+1...an+t ∈ A}.
ÈÉµ7ÊCÁ=ËÌ¿I¶É¸IË"ËÌ¿-ºÍ º¼;½0ÊÎB»
n ∈ N Ï
½·Ð¾@º½-¿-ºC½
A ⊂ Σ∗
|A| = t =⇒ |T−nΩ A| = t+ n.
Ñ9Ò$ÓsÔÓsÕÖf×Ö;ÓPØÚÙBÛÜÝÞ9ß0º»àQá¹S¼Xºâ~º~Áãº»1¸I¶ÁI»Ð¼fµ¶4ÍÐºµFµCâ~¸I»ä
åæç`æÖ"Õ-Þè.é/ê
Z(A) ∈ FΣ ëCìhíDë3î$ïBðhìhí+ñëCò/ó ëCíDôIë)ó ì
ê
ñëõ+íDìfëCò/ëCí+ñëCòﬁö?ò/÷Dí+ñó ëCíDôIë










































































































































































































































































































































































































































































































































































































































































































g : Σ∗ −→ R
a¯ 7→
{
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Û\ÙæTÙÜå æé4Ø¥Ø¥ÙÜ9è é4Ü9áÌãÙòWÙå çè	ìTÙÜ ùûÛ\àæT÷ ø4ìTÙà
¹¶
öråô,ëÛ\ÙæTÙØ ×,Ü]ìTÙà%í



































































(lTV , ||.||TV ) ª«c¬®­cª¯°¯#±²X³9ª´­c²X¬µ­c²{¶·t¸³¹
ºw»Z¼½»#£+¢J©wz{|\¾uwvc¿;%ŁUŁŁ@U
||.||TV (lTV ) ⊂ R
+ #ÀÁU λ ∈ R
%;




















|g(a¯)| = |λ| ||g||TV ,
ÃÄvyŁÅŁxZŁvÆ>|~|\%v






g, h ∈ lTV Â
U






























|h(a¯)| = ||g||TV + ||h||TV ,
uwvyxÌ3vyŁ@%vÍ;|Î;|~Ä,vyÎŁxZŁvÏÈvy;ZvyÎÐÑŁvy;\;|ﬀÈUvyÒÇ%x¾ÊyÓvyŁ!É5vy%vy
S, T ⊂ R+
|~;UvyJÇ%UÊyy
∀s ∈ S ∃t ∈ T : s ≤ t ⇒ supS ≤ supT Ô
¦'C¦~Õ'Ö
S ⊂ T ⇒ supS ≤ supT Ô
¦'C¦Z×ﬀÖ
















































ñ%ò­c² Σ∗  «c±  ª@óô¬




































































||(gn)t − (gm)t||1 =
∑
a¯∈Σt




























∀n ≥ N0,∀t ∈ N : ||(gn)t − (g¯)t||1 ≤

2






































































































































































































Φ : V −→ Rm∑



























∀j ∈ {1, ...,m} : lim
n→∞








h1(a¯1) · · · hm(a¯1)ÌÌÌ Ì Ì Ì ÌÌÌ



















































































































0 6= g1(a¯1) = det(g1(a¯1))
Ì
PRQ S2T=UWVYX[Z=\ ][UV_^`UﬂZ=\Yabcaed[V XYff g_hYijalknmYfoh pYqcroa=mYf ^Ms#s#a
tvuowKx=y%z|{}z_x=~oeIz_WowIIOIy%






























Ai−1λ = (gi(a¯1), ..., gi(a¯i−1))
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Û"ÜcÝ%Þ P ÝﬂÞßàÝﬂß á=âãÞ¤ä2å=Ý2æWç æ2Þéèß_Þ8Ýﬂê2ëìÝæ7í£îIïðîñò-ÝﬂÞß Ýﬂê
σ óô âèÝõ%êî B ö õWÝﬂêDÝﬂÞ&ßYÝﬂê"íÝ%ßèÝ Ω ÷nø îß_ßÊÝWùÞæﬂë8Þ¤Ý%êRÝﬂß¹ú%ûÍÝﬂÞíÝﬂßèÝ%ß Ω+,Ω− çÍæ%ü
á#îæWæ Ω = Ω+∪˙Ω− ñ:ßá
P (B) ≥ 0, B ∈ (Ω+ ∩ B)
P (B) ≤ 0, B ∈ (Ω− ∩ B).
ø























P+(A) := P (A ∩ Ω+)
?
P−(A) := −P (A ∩ Ω−)
K??
















































P+(A) := P (A ∩ Ω+)
tbI_











































































































































g = g1 − g2,
T¬
¯: N¶m¢¡ ¥· T¢j´g¡¥























¥ ¢ g1, g2, g3, g4 £>¡8°

´m £: T¢ g1 + g4 = g2 + g3 ¢!§0Á
¸ﬁÂ
 T¼q¼§'ÃhÄÆÅÇ






















































































































































































































































































ﬀ5{ﬀ|){ﬀﬀ g+, g−  {ﬀﬁpﬁŁﬃ|){(~{ﬀﬃ{ﬀ4  {ﬀb}1q1{ﬀ g1, g2
'|)} g = g1 − g2
ﬃ~




















q g+ |)yﬃ}C{(pj{ﬀ|) t ≥ |a¯| £ p1q¤~ﬃpp¥ﬃ A := {a¯ ∈ Σta¯ | g(a¯)}
|)z"}
£











































p1} g ∈ lσ ∩ lTV £




























































~ﬃpﬁp5~|){¤ö¦{ﬀﬀ|){ﬀŁﬃﬃ{ﬀ mgm = m




















































mg+(B) = mg+(B ∩ Ω
+)
97A


















































































































− − g−||TV = || − (gn − (gn)
+) + (g − g+)||TV




















An,s,a¯ := {b¯ ∈ Σ
s
a¯ | gn(b¯) ≥ 0}
u*§FrSt
As,a¯ := {b¯ ∈ Σ
s














Bn,s,a¯ := An,s,a¯ \ As,a¯,
Cn,s,a¯ := As,a¯ \ An,s,a¯,



























t ∈ N 

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0 a¯ = 2



















a¯∈Σt |g(a¯)| = ∞

6_ ¸ÆV
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ÒÌ	ØÒÍÒ7â× ÍÞ ÕÒÍ 7× Ô! ÒÍÚ ÒÔ
ç


















































































































































































































































A1 := {a¯ ∈ Σ
t | g(a¯) > h(a¯)},
A2 := {a¯ ∈ Σ































































































































































































































































































gn : {a, b}

































































































































































































«G¨t¥3¥Eª B ∈ BΣ
¹ﬀ²}Ç¶¨¥[¥Pª n ∈ N ¬Gª5£2ªU² mgn(T
−n




























mgn(B) ≤ 2mg¯(B) Ø5ÙﬀÚﬂÛÜÝ
È
±t¥É£¦5ÀÕ<ªU¤Â²¹ﬀ² B ∈ BΣ





















¤ A ⊂ ΣN ªU¤[²ª9Çª3ìG²¤½ªU«CªU²}Ç2ªíd«&¹²ÐÇ·)ªU²2£2ª9³?±² BK
Í,¨t¥ﬂ®




∀n ≥ N + 1 : gn(Z(A)) = g¯(Z(A)), Ø5ÙﬀÚÉêî¯Ý
Ç¨@Ç¤½ª gn
ÈUÎ












«Z¨¥[¥Pª n ≥ N + 1 ×















































g = g+ − g−
R983PHen)+._,54769.-*!)+1*!8






























|mg|(B) > 0 ÉÊ
¿±3±Tº%¯<½YË¯!±[ÌX°ﬀ¸
gB : Σ∗ −→ R
a¯ 7→ ||g||TV|g|(B) g(Z({a¯}) ∩B)
Æ'±²¢Ìg¯!°½m¯<¸
gB = 0 Í·Î
¸















































































































=?A@ B BCFEjikJ)BClGE`C ?nm C @ |g|(B) > 0 a ?R GCFo @










= g(a¯ ∩B) = gB(a¯)
>ó?ügý!þ9÷`t
3ò-ü σgB = gB s2þ3ò g ≥ 0 ﬀó?ü gB ≥ 0 u ú9û mg
õ!ö+÷wv[ûxöò-ügþ9÷3úÒöYò-ü
ý!þ3òtJü-ýDYöﬁ
 g(2) = 1 u ò-óøDõD?õ!÷ ||g||TV
P.2.41
= g(2) = 1 þ9÷3ú g = |g|












~}}ý!øgõ!övHõ!÷?õ!÷ Ω+,Ω− u ò-óQú9û?ò7ò ΩΣ = Ω
+∪˙Ω− þ9÷3ú g(A∩Ω+) ≥


















(gB)+,−(a¯) = gB(a¯ ∩ Ω+,−) =
||g||TV
|g|(B)
















||gB ||TV = ||(g
B)+||TV + ||(g
B)−||TV = ||(g
+)B ||TV + ||(g
−)B ||TV
= ||g+||TV + ||g









g ∈ lSM , g ≥ 0 âãFäæåﬃç)èOé2âQê
áSëcì





































































b¯∈B,a¯≤b¯ g(b¯) |a¯| ≤ t,
||g||TV
g(B) g(a¯) |a¯| > t, ∃b¯ ∈ B : b¯ ≤ a¯,























































































































HJILKNMPORQTSUORVWORQTI N1 ∈ N XLYUZ
KJ[
YGY













[feTgihkjJV n ≥ max{N0, N1}








B(A)| = |bngn(A ∩B)− bg(B ∩A)|
= |bngn(A ∩B)− bng(A ∩B) + bng(A ∩B)− bg(A ∩B)|
≤ |bngn(A ∩B)− bng(A ∩B)|+ |bng(A ∩B)− bg(A ∩B)|
= |bn||gn(A ∩B)− g(A ∩B)|+ |g(A ∩B)||bn − b|
(2.42),(2.43)








































































































































































































































































































































































































gA(a¯) = gB(a¯) = 0
h
Y



























































































































































































































|g(a¯ ∩An)− g(a¯ ∩A)|
L.A.2











































































































∀n ≥ N2 : ||g











∀n ≥ N3 : ||g














n ≥ max{N1, N2, N3} :
||gA − gB ||TV = ||g
A − gAn + gAn − gBn + gBn − gB ||TV
≤ ||gAn − gBn ||TV + ||g
An − gA||TV + ||g
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UúQedZ_y`GSA](S/he]j](QeheQe](he](Q
U1AQ\^](_xfZ](_yNz](S$\^iG`KYﬁ[^s{\^`G_x](S$qe`KdZS$RNiG]yj](W@hedZQe](Sqe`GS$\qehed^Y [$RZqehe`,q Y [A]j](W@hedZQe](Sm
\^`G]RNi,q!`K\A\^](S^s{RNQeWZdb.s úQedZT(]~q q ]`GS/he](QegAQe](he`K](Qehuw](Q \^](SCWZZSASA](S
`GQuwdZiGiK](SRNS\^`G]~qe](Q.he](iGiK]](_x](QeWZ](Sm~\ARZqﬁqI](iGiG](Q
`GS8qe](`GSA](QpùQe](`KhM /¡1¢£$¤
\^](SXlAheT(](SbZdZSŁj](W@hedZQeQ NlA_x](SŁT(lAQt]~q Yﬁ[AQe](`GAlASAfbZdZS¥q hed@Yﬁ[$RZqehe`Kq Yﬁ[A](SúMQedZT(]~q¦s
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SA`KYﬁ[/h8](Q qe`,Y [/heiK`KY [`Kq hlAS$\?](heQ RZY [.he](hqehed^Y [$RZq he`Kq Y [A]©úMQedZT(]~q qe]xRNiKq8Cd@\^lAiKSCA?](Q
údZiG«@SAdZ_yRNiGfZ](AQe](S.C`Ghwq ](`GSA](Q=økQe`Ghe`GW¬?](T(`G]([/h5](Q5qe`,Y [yRNl^UI\^`G]\^Qe](`,ùQe](`Khe](SxbZdZS
=[$RNQe_yRZ\^[A`GWNRNQe`­e¯®n°±$¢²±@¤³mG¯®n°I±$¢²$´I¤³mG¯®n°I±$¢?£@¤¶µ m.`GS\^](SA](S¥](`GSy](Q q he](Qwj](Q qel$Yﬁ[
lAS.he](QeSAdZ_x_x](Su`GQ \
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úQedZT(]~qﬁqe]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\^](Q qe](iK](S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µ(lTV ) ⊂ lTV
HzÛFÝ
Ü·ÛláDÝ	ßÝájÝß.+×Ùß0Ýá
τa : (lTV , ||.||TV ) → (lTV , ||.||TV )
ÖÙâGÛ	Ý





||τa||TV = ||µ||TV = 1.
	 mŁfJJmJflJmaMIfA)m
hGsf;


















































τ(lTV ) ⊂ lTV ¢
¥






®Y¢£ ||τa|| ≤ 1 ¢
¥
¤








































||τa|| = 1 ¢
¥








































































a ∈ Σ ×$Ø
ÕÚÙ









































































































































































































g(a¯) = 1 
ÒfÓ=Ô$ÕsÕMÖ
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A = {a¯1, ..., a¯k} ⊂ Σ
t BA>@CEDﬃFHGG |g|(A) = 0
?;IKJLJKCK?NMﬁ?NFHGO5<ﬁ>@?QPFHR>@C
|g|(A) > 0 ST
P











































































































































' g ≥ 0
ﬁﬀﬃﬂ




















































































































































































































A = Σt a¬
C	>@?




































































































































= g(T−tΩ A) = mg(Z(T
−t
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dim(Xt) := dim(g) °
õ
ì±¥A²
edim(Xt) := edim(g). °
õ
ì´³C²
µv¶ ·¸¹º»A¼ ½C¾ ¹¼ »A¿oÀ ¿ÁlÁbÂJÃÄ»A¿KÅÂﬂ¹¿
ÆÇ,ÈÄÉ ÊÉ.É ÊÉ;Ë+ÇÌÊÍËﬃÎ+É.É@Ë+ÇOÊÐÏﬀÑ,Ò
































































































































































­S¦ò£ f ∈ Vg




¹*¤­ g ¤­&§,ù¤uúG£û±d­S£ edim(g) = m <∞ «üb³x§§²­¢£¬­e¤Uýo³±d­S¦ò­+¤gM§










m−1 − ...− c1X − c0
¬x³¢¼|­&§­S±²³¦ »¦ §D± G§ µ : Eg → Eg
«d¤+¸(¤§ deg pg = m
­¢£g¬­+¤u¢~§B³£+Ì:u¦°­&ÇÆ






































































¹*¤­ g ∈ lTV
±d­S£ edim(g) <∞ «oüb³x§§µ­¢£













































































conv(B) := {x ∈ V | x =
n∑
i=1
αixi, xi ∈ B,
∑
i
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v1, v2 ∈ K E





























































































p B ⊂ V













































































































































































































































































































































dim(g) = m <∞ -.
ﬂ/ﬁ0132&465+78
9ﬂ:5%;5
(gj), j = 1, ...,m <
57'>=1ﬂ:5?5
∀a¯ ∈ Σ∗ : ga¯ =
m∑
j=1






























 g1(a¯1) ... gm(a¯1)    


















































βkgk(a¯i) = ga¯(a¯i) ≥ 0,
~T;w |,pdj;q+¨q7v/~TsxDso














Cg = cone(τa¯g | a¯ ∈ Σ
∗),
=C%5!#'z=R¶´/6$#&(')D


















edf>Bg8hC¡	q7l]©	/w u v;s/w wªq7j;oqMw |oRqq7oF«q7q78w j8wDx |TÆq7o/wDj;u?vCxDJj8u v¼WjJqMpdq7lDs























































ﬀ ﬁﬃﬂ !"#$ %ﬀ& ﬁ(') +*, !ﬁ.-/
g1 ∈ Kg
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­®&¯±°&²³u´5³6µ=²¶4·4¸ﬃ¹ºﬀ²1°»¼fº2·4¸ﬃ¹²³·=µ=½&¸4¹)­·=µ=º2·ﬃ¸4¹²³¾±²¿#µ=½¶=²³ w ∈ Rn ®³)°·4µ=½#¸ﬃ¹)­·sÀ


































Σ - ß. ýß  & 
ﬂ(/) !& %ý & (/)+ 10 ! %þ+ý32







∀a¯ = a1...at ∈ Σ













































= 1 = g(2)





















M(a, at)︸ ︷︷ ︸
=1,M st.
= g(a¯),











































a¯ = a1...at ∈ Σ
+ 




























































(τb¯g)(a¯) = g(b¯a¯) = g(b¯)M(a1, bt)
t∏
i=1
M(ai, ai−1) = g(b¯)fbt(a¯),
$ 




























dim Vg ≤ dim span{fa | a ∈ Σ}+ dim span{g}


















































































































































































































































@1%'@1%'_%'(KN%'`*)Ua()(Qb<%'9c%'d"! fa %'(X&,$6'%'5)@1%',[A101( span τa(Vg) e9c01_%'`%'(#f9:%4*%',
fa Uad"!:!$#$0SG?2U1!G#$"!GSG?)%',:V&%'-#$01,c@1%'9cga?)d#c9:%',G*%'(D-YUa()(h0.*%', τa(Vg) = {0} "!G#'KFij",




;>=),hUadd"% a ∈ Σ 5)(2*r%'()%sn>0ap%'(2!$"ST?#$dSG?j!G#$0.ST?2U1!$#$"!GST?)%aqutUa#$,$Iv M ∈ RΣ×Σ
*5),GST?m*%[V&01,G!GST?),$I;Z#
M(a, b) := τa(fb)(2) = fb(a).






5)(2*y*)UaPW"#`*"% 78%'?2Ua5)E)#$5)()@zPW#{A101dd"!$#Gga(2*@1%',`|f(2*5)-#$01(}=)_%', t KF~[Ua_%')@1d#`*%
78%'?2Ua5)E)#$5)()@;>=), t = 1 (2U1ST?s~%lk2()#$01(	A101( wg 0ap%'(2!$SG?#$d""SG?KN%'(5)( t ≥ 1









τatτa1...at−1g = fat nJ.K\4q
P2Uadd%BA101( g(a1...at) > 0 n*%'()(m*)Ua()("!$# ga1...at %'(!$#$0.ST?2U1!$#$"!GST?)%',+V&%'-.#$01,'e
*%',ﬂ"( τat(Vg) d"%'@1#lq&@1d#





















































φ : Σ∗0 −→ Σ
∗
þ









a¯ = a1...at ∈ Σ
t â'Þç)â¦ì"Þç)â4äaß$â¦ó+à)à)Þìêï)ç)í























φ : Σ0 → Σ



























































g(q) = 1 = φˆg(2)
©«ª ¬K­k®_¯k°A±#²)³#®_±#°A´µ#´_¶E¶l·¹¸°A´º?·®_´
»¼



























çkÞ)á)Ý%ÞRè6éHêKÛ g ∈ lΣ0 ë
ê%ß
dim φˆg ≤ dim g.
ìsíQîﬃíRÑÐ
ØuïÕð Àñ_Ç Ê ÀnÃònó Ê Ç$¼½Ã+¾I¿ÀôÅ$»¼
õònó

















ð g ∈ lΣ0
»¼
½ a¯ ∈ Σ∗ Ë ÃG¼¼






















































½¡½ÃGóÇ$À/+R½Ã φˆ È¹ð ¼ÇCÃGÀ ð Ä Ê +
½ ð Ç
!Ç$ó






































Ý{å%æ=ê$ÝDrê φ : Σ0 → Σ
ë
ê$ß








































φ : Σ0 → Σ
y[dxv?hSd_i
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,D4D:@./0-1 ,/4D)ﬂ,/./0I1&H-,2e#&664"^_I")4D"GfE@>a-+C)"GD"+JR)Gg")ﬂ+Cih1&4DGD)j= M ∈ RΣ0×Σ0 E@HCG/.]0
E@)9cY: G/,]./0CGD)j254
























_V)GRE@>a-+C)"GD"+(+HC+(")+C"+(lg6mC0-1&A"4nJUo.]0-,D"6 φ : Σ0 → Σ
E@HCG/./0
φ((a, i)) := a,







HC+-E M 1 ,],D: N"))"GD4Dsh1&GD? :t<uvcY"?4D: Gw,/")v^xZy"+-,D)ﬂ.]04D6)ﬂ.]0
+-1&4DLCGD6)7./0
g(2) = 1 = φˆg0(2).
z
LCG a¯ = a1...at ∈ Σ























































































































¤C  a¯ = a1...at ∈ Σ



























































































































































































































































































































































































































































































































t a¯k, k = 0, ...,m − 1 

















































































































 ùHﬂ ÷ﬃ&úCúf1Køﬂ ø"ú
τa(V
k+1
g ) ⊂ τa(V
k





üCú Vk+2g = span{τa(V
k+1









&ùﬂùø m ≥ k
üCúfﬃCø
õ



























g ∈ l∞ ó
òRô
dimg = m õöK÷øbø
ù
òúô








































ø g, h ∈ l∞ õöK÷øbø





V(g+h) ⊂ Vg + Vg
ÛﬃÎÙfÚÖ\ÖHÝÏÉÏÊHÎ












































































































































































































































































































































































































































































































































































card(I) = dim g,
|4}^}K~
mgi(Aj) = δij =
{
1 i = j













































































































αimgi(Aj) = αjgj(Aj) = αj .
Þ
°®






































dim g <∞ 

yyEw7xvivwy~(vw7wx~vit#x(vx










































τb¯1g(a¯1) . . . τb¯ng(a¯1)888 8 8 8 888
































τb¯kg(Z({a¯j})) = τb¯kg(Z({a¯i})) = τb¯kg(a¯i)
cZeöA÷ﬁó








i = 1, ..., n












τb¯1g(A˜1) . . . τb¯ng(A˜1)888 8 8 8 888









ÑÊØ`É>ÈÔÏÌÙÚ ÔÈÊÛØÈÊEÜÈÝÔÞÏ v0 := (τb¯1g(A0), ..., τb¯ng(A0)) ß
ØÈÏà*ÈÐÈÊHØÈÏá
Èxâ






ØÓÈ k âÔÈﬁå#ÈÓÍÈ£ãÞÊ M ÎÈÓ ß ØÓÈ£ÈÊÔÎêÏÈ:ÙÚÈÊØÈﬃëaÌÏÎÔÈÍÍÑÊÐÕdÖ®ÓÏkÉ>Èxâ
äﬃÈÏÝÈÊ
ß
ØÌÎXÎkØÓÈ£ìCÊÊÌÚäﬃÈ ∀k : αk = −1
ÌÑËØÓÈîífÍÈÓÙÚÑÊÐ
g(b¯1) = τb¯1g(2) =
n∑
k=1
τb¯1g(A˜k) + τb¯1g(A0) =
n∑
k=1




ÎÓÈÚÈ (∗) ñ Õ5Ö®ÓÏ&ÎÑÙÚÈÊòØÈäﬃÊÌÙÚ
ÈÓÊ k0 ß




A˜k k 6= k0







τb¯1g(A1) . . . τb¯ng(A1)ÕÕÕ Õ Õ Õ ÕÕÕ







à)ÞÉ#ÈÓ ek := (0, ...0, 1
k











1 i = k









































































































































Pg = (τb¯g(a¯))a¯,b¯∈Σ∗ ∈ R































































































































































a¯n1 , ..., a¯nm
e
RﬁH(LOtXjLGIO/Wv]#MN[IGILTWvW([G]vM|P@LH



































































b¯j, j ∈ N
XYWvU
PNRWvW	P@GILKhRﬁ^(H(GIkLO
Cn := (fc¯i(b¯k))i,j=0,...,n =

τb¯0g(2) · · · τb¯ng(2)___ _ _ _ ___
































τb¯0g(An) · · · τb¯n+1g(An)




















en := (0, ..., 0, 1, 0)
T ∈ Rn+2
X







gn := αn0τb¯0g + ...+ αn,n+1τb¯n+1g.
»(¼ ½2¾s¿dÀsÁÂÃ&Ä¿dÂÁÅ{ÆÅdÇÇÈIÉÁÅtÊÈ¿dÅ
ËaÌﬁÍNÍÎÏIÐÑ











































{h2, hi | i ≥ 0},
0å dß(çE 0 çD=ﬁ	F Då,GﬃCåH=¯ßﬁ{ßå ßIbß D&ß'(ﬃ J./ßﬁﬀ,ﬃ7ß 
















































e0 := (1, 0)
T ÕNÍ/Ü



































hn(b¯0) · · · hn(b¯n+1)
















τb¯0g(An) · · · τb¯n+1g(An)
τb¯0g(ΩΣ \ ∪
n







ZED8 en := (0, ..., 0, 1, 0) ∈ R
n+2
8B





gn := αn0τb¯0g + ...+ αn,n+1τb¯n+1g
8BE8EY


















H:¢l: (c¯i := a¯ni) Ö5ŁYZ ∀i, j : c¯i 6≤ c¯j , c¯j 6≤ c¯i × 84w¦:¦:>´ŁYB>£-88[¨
£-8$ØaÙ8Bª¢l:A¢
Ê
BÚ 1 ŁYXZŁ  :w¢l¥X4Z&8Ł*:
:>¢ÛÐBŁY:*8ŁTR 2 8Z£-Da:7:>¡Õ:::KŁYH7¥YŁY8  :¡
"8IÙ8 j ≥ 1
Cj := Z({c¯j})
8B
C0 := ΩΣ \
⋃
j≥1






:T'4: fi := fc¯i
HÙ8 i ≥ 1 8BE²B8: f0 8£U:Î«£8[H
f0(b¯) := τb¯g(C0)
HÙ8 b¯ ∈ Σ∗  'ŁYE¥YŁY8 f0 ŁYB£CŁYZ¡'Ï888¥"Ý4ZCÌ:¢V>TÐ8Z8::>
f˜k := f2 −
∑k



















∀i ≥ 0 : Ai := Ci 8þ hi := fi
8þ h2 := f2 ûýü"(ýþ%
)"ô*õöY÷÷ ø
























A0 := C0 ∪ C1 8þ ∀i ≥ 1 : Ai := Ci+1
8þ>ýlýþ"üû"?	ýﬃ















f0 ∈ span{f2, fi | i ≥ 1} $L 






























ú Tý."üú#þ φ : N → N \ J 8þEûýü"(ýþ
A0 := C0 ∪
⋃
i∈J
Ci 8þ * ﬂ	 i ∈ N \ J : Ai := Cφ(i)
8þ4ýú:üý h2 := f2, h0 := f0 +
∑
i∈J fi 8þ hi := fφ(i) * ﬂ	 i ≥ 1 L8aú:ý!Uþ32
þ 

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(Ω,B = σ(F),m, T )
êQíîXﬀ;ìëMòüò?ëﬃë
íîò?îAêïë#?ôGò7ýý í






























































































































































t := |a¯| :
t = 0 m






= 0 = g(2).













(µg)(a¯) = g(aa¯) + g(ba¯) = g(ab¯x) + g(bb¯x)
=
{
g(ab¯) + g(bb¯) + 2 1
2|b¯|+2
IV
= g(b¯) + 1
2|b¯|+1
, x = a





, x = b




























t = 1 m ∑
a¯∈Σ
































































































lσ ∩ {g ∈ l∞ |µg = g}
(?)
= lµ = lSM ∩ {g ∈ l∞ |µg = g}







































































































































g ∈ lµ ⇐⇒ g








g = µg = µ(g+ − g−) = µg+ − µg−.
 ﬀﬁﬂﬃ! !"#ﬂ$ﬀ%ﬁ &('
)+*,.-0/1324/56,713/98:/<;>=+*?)+*+@
||g||TV = ||µg||TV = ||µ(g
+ − g−)||TV
≤ ||µg+||TV + ||µg
−||TV
Satz3.6
≤ ||g+||TV + ||g
−||TV = ||g||TV ,



















































S3¹<º+»9¼R½¾ (Ω,B) ½¾Y¿]ÀÁ½Â(ÂÃÅÄÆﬁÇÆ¿#È T : Ω → Ω ½¾Y¿½^Ç	½Â(ÂÉ>ÄﬀÃl½
Ê


























IΣ = {I ∈ BΣ |T
−1

















»¼R½¾ g ∈ lµ
ÍoåaÄﬀ¿¿
g = 0 ⇐⇒ ∀I ∈ IΣ : g(I) = 0.
÷4ø ùúﬁûﬁü!ý!þCß ý 
	!û7ý$û




0 6= g ∈ lSM
/15R+#KA8"/L+&+
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|g|(I) > 0 â
Ü




















g(aa¯ ∩ T−1Ω I) =
||g||TV
|g|(I)






















































































































= ||µ|Fn|gFn − µ|F
n|gI ||TV
≤ ||µ|Fn||| · ||gFn − gI ||TV
S.3.6
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A¯j := {b¯ ∈ Σ


























































































u, v ∈ V
®Ê¦6³
u ∈ Int(G), v ∈ G
»WÒÓ±-§§XË-¦6ª.³
∀α ∈]0, 1] : αu+ (1− α)v ∈ Int(G).
*,+ -.+0/2143517698;: 3;<6=14>51 ?@
A!BDCEBFHGJILKNMOQP7R7SDTURﬀVUWR7X4Y[Z7\]^TUM9R
















z ∈ Uα(w) f4p
bﬂRR	m4Me]




(z − w)− u|| = ||
1
α
(z − w)|| =
1
α















































mg∗ << mg ·
­µ¸0µ ¹D,¥	­Joº»7o¢£4 ,°


























a¯ ∈ Σ∗ _
\`^Sb4\[\
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dim g ? gi ∈ Vg  









 gi(Ai) = 1  
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b©ﬀ i 6∈ J E%	 g(Ai) =
∑
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dimg = ∞.
A =lx
sA´6TH6Y*>	V Σ = {a, b} ?A	ZµZ79 	Tﬁﬀ c¯ :=
a1...at ∈ Σ
t ¶
Ia(c¯) := #{i | ai = a} ∈ {0, ..., t}
Ib(c¯) := #{i | ai = b} ∈ {0, ..., t}
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C|4G g 	ﬂ(	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%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∀c¯ ∈ Σ∗ : 1 ≥ g(c¯) ≥ 0 â
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(n− 1)!m!(m+ n+ 1)− n!m!
(m+ n+ 1)!
=





































Ia(c¯) + 1 + i
=
Ia(c¯)!Ib(c¯)!



























=?; x ∈ {a, b} c%B8<79;
U
M.VT=4I<PF3E79P79O σ(g) = g



































g(2) τag(2) τaag(2) . . . τap−1g(2)

















































































































ρ0 : {1, ..., p} −→ {1, ..., p}
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a¯ ∈ {a, b}+
uEZ[
b¯ ∈ {a, b}∗
µτa¯g(b¯) = τa¯g(ab¯) + τa¯g(bb¯)








































Ia(ba¯b¯) + 1 + i
= g(aa¯b¯) + g(ba¯b¯) = µg(a¯b¯)






















Σ = {a, b}
:6+<;Øo3?5873?*ÞF?:6*Ìd*5+6+63?*:6+6Bß

















g : Σ∗a → R
HJILKNMHPO;QSRTVUXWJYZT([\HK


























gˆ(2) := C {
@#|*D+}










t = 1 
ﬃù8òdù8ðøò6ñù8÷ .ò?ù8ñ,ù#ôñ) ýõó)oò?÷.ò?ð
gˆ(b) = C − g(a)
#8$Ðò?÷.ò?ð
σgˆ(b) = gˆ(ba) + gˆ(bb)
= gˆ(a)− gˆ(aa) + gˆ(b)− gˆ(ab)
= g(a)− g(aa) + (C − g(a)) − g(ab)
σg=g
























σgˆ(ba¯) = gˆ(ba¯a) + gˆ(ba¯b)






































































lµ ( lσ ∩ {g : Σ
∗ → R |µg = g}.











g : Σ∗a → R
ò-ýiððPçbðPã&éPêyþ\æJì8èí îfèììAíæJã=ì5æ
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(i) ∀a¯ ∈ Σ∗a : g(a¯a) + g(a¯b) = g(a¯), E
ÊË"FG@IH
(ii) ∀a¯ ∈ Σ∗a : 0 ≤ g(a¯) ≤ 1, E
ÊËCÌ'JKH
(iii) ∀a¯ ∈ Σ∗a :
∑
t≥0

























































































































































µig(a¯) = g¯(a¯), ÒOÔS{#"ﬃ"%$
&('*) )+%,%-/./02143657./8:93<;/,=./>45?,
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µ¯ : lES −→ lµ
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||A|| ≤ supn∈N ||An|| 
































ﬀﬂﬁﬃﬀﬂ ﬀﬂ!ﬃ#$!®"5ﬀ:'ﬀﬂ,+&1ﬀﬂ9>9ﬀﬀﬂ!ﬀH>67.1? ﬀZà9>ﬀﬂ!?  ﬀﬂ1ﬂ%$"5ﬀZ#$!ﬃ'¬ED$1ﬀﬂﬀﬂ+&1ﬀﬂ9-
9ﬀ
Ä




























































































∗||TV ≤ ||µn||TV · ||gk − g
∗||TV
Prop.4.35








||µ¯gk1 − µ¯gk2 ||TV ≤ ||µ¯|| · ||gk1 − gk2 ||TV
Prop.4.35















































































∗ − g¯∗||TV = ||µng
∗ − µngK0 + µngK0 − µ¯gK0 + µ¯gK0 − g¯
∗||TV
≤ ||µng
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a b a bb a bbb a bbbb a bbbbb a · · · a b · · · b︸ ︷︷ ︸
n−mal









g¯ : Σ∗ −→ R
b¯ 7→
{
1 b¯ = bn ú2û ßbÞ2æ ç n
0 ë2ðVçë2ã
áJç=é8àÞ2æâ.Þ2çè¡éRê#ëë g¯ é.Þ2ßbëãGêRãEæ ðVç%üVßÞÆýßÞç1àþÞßãGðVß©é.Þë`ð1ïCÞ2çë2ãÞôÞ2ç=é1Þ2ç ì ßÌðà¬ÞëëÞë




êVßæDëã è ç=æ óôJã ë2é.Þë2ãGðVãEßðVãDàùãÞóôJçﬃæëóôÞ
î
óô1ømæEÞ2ßæâ#ß@ÞæãÞ2ç


















1 0 · · · 0︸ ︷︷ ︸
n−mal
11 0 · · · 0︸ ︷︷ ︸
n−mal
111 0 · · · 0︸ ︷︷ ︸
n−mal











































Þ t ∈ N : mµtg(B) = 1














mgn(B) = 1 6= 0 = mg¯(B).





































































































Þ2æ g ∈ lTV



























































































































































1 a¯ = 2
p|b¯|+1g(b¯) a¯ = b¯a êYó
ätÞß
á b¯ ∈ Σ∗
(1− p|b¯|+1)g(b¯) a¯ = b¯b êYó
änÞß















































































Pt(a¯ = a1...at) = P (X
−1





































































1 a¯ = 2
p|b¯|+k+1g(b¯) a¯ = b¯a êYó
ätÞß
á b¯ ∈ Σ∗
(1− p|b¯|+k+1)g(b¯) a¯ = b¯b êYó
ätÞß







































































































p|ab¯|+k+1(µkg(ab¯) + µkg(bb¯)) x = a
(1− p|ab¯|+k+1)(µkg(ab¯) + µkg(bb¯)) x = b
=
{
p|b¯|+(k+1)+1µk+1g(b¯) x = a
















































































An := (aik)1≤i,k≤n =


p p2 ... pn


































1 p . . . pn−1

























































































































































































































1 < r ∈ R °²±´³µ2µf¶
¯·¹¸




















[r − 1, r] ï
åéﬀÞæåå
log(r)− log(r − 1) =
log(r)− log(r − 1)






































































































































































































































































n,m ≥ N0 
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ñ ¤*­¬¤ f : Ω → R ·¡­¢²$²¢¤_§
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T−1Σ I = I
Ù
åCÞ
I ∈ I í













































































































































|g|(I) = ||g||TV QcVW
||g||TV = |g|(I) = g
+(I) + g−(I) ≤= ||g+||TV + ||g




|g+|(I) = g+(I) = ||g+||TV ªHPcb­O&®qO&PcVW |g
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−iG ∩ F ) = m¯(G)m(F )m(Ω) .
|HKHKH¿





































































































g ∈ VQ ¥eÓ
ÍÂÞ



















































































Q(I) = 0 ⇐⇒ Q({I) = 1. ý
zþ%Fß
 aj
g ∈ VQ 
} püigy%igo

















0 ≤ |g1 + g2|(I) ≤ |g1|(I) + |g2|(I) = 0 = ||g1 + g2||TVQ(I). ý
zþé#ß
 ajrnzqsozy%igy%igo





|g1 + g2|(I) = |g1 + g2|(ΩΣ)− |g1 + g2|({I)
(4.44),(4.45)


















































Q1, Q2 ∈ {0, 1}
IΣ NPOQSRUT OVO Q1 6= Q2 WX T
M$M


























































































Q ∈ {0, 1}IΣ ¥
M



















Q ∈ {0, 1}IΣ ¥
M






































τa¯g(I) = τa¯g(ΩΣ)− τa¯g({I)︸ ︷︷ ︸
=0
























ÚÛ+ÜÝ%Þàß$á â5â5ã |g|(I) = ||g||TV
ÞbÝ5ä}ã3Ý5Ûã3ÞæåVçmèéGÛ=Þbã3èêìëLáGçmèí3Ý5äÝ5ã3êäã3Û=îêïGÚÞbã3Ûlä






h ∈ Vg, h 6= 0 ﬀﬂﬁ
	
I ∈ I
þß "þ ßﬃ  ß   þ"!þ #lþ$%	
|g|(I) = 1 =⇒ ∃A ⊂ I : h(A) 6= 0
|g|(I) = 0 =⇒ ∀A ⊂ I : h(A) = 0.
&('*)+',ﬃ-lü(.
Þ·ß+á â5â g = 0 Ý%åä[ÛÝ%çmèämåí3Úí3ã3Ý%ïGã3Û
ø0/









ã3è+á Ú@?äÚÛïBAã3ïGã3Û h = |h| Ý%Þ ß+á â5â |g|(I) = ||g||TV
=0ADC èâ%ä[Þsá Û A = I ="ÚÛ+Ü
Ý5Þ ß+á â%â |g|(I) = 0 ëFEê A ⊂ I á Ú+åÜ,ã3êHGãiçmèÛlÚÛï




8uÚämá äÝ%å«ÞÚämá Û+Ü,Ý_åqã3êè+á â%äã3ÛBA7Ý5ê«Ü,Ý%ã[îÚ+åmåmá ïGãjá Û+á â5éGïòëFEê}Ü,ã3Ûß+á â%â=ÜáGåVå −h ã3Ý5Û
8á;:<Gã1äéGêÝ%åä
ø>
â5ã3ÝJIä h = h+ − h− ÞbÝ5ä7â%Ý5Ûãiá êÚÛ+á;IèKC ÛïGÝ5ïGã3Û9L{á êÝ%á äÝ5éGÛ+åM<Gã1ON
äéGêã3Û h+, h− í3ÚPI"ã3äêmáGçVèläã3Û
øRQ




åä I ã3Ý5ÛãjÝ%Û#< á êÝ%á ÛläãY8uã3ÛïGã´ÞbÝ5ä |g|(I) = 0 ÚÛ+Ü A ⊂ I ã3Ý5Ûã[Zã3Ý5â5Þ ã3ÛïGã=
åé








ã3Ý5Ûã3ê í3Ú+å\C äí3â5Ý%çmèã3Û`á Û+á â5éGïGã3Û
GãiçmèÛlÚÛïòëFEê h−
ø.
Þ ß+á â5â |g|(I) = ||g||TV
12GÛÛã3Û]A7Ý5êí3ÚÛKCGçVè+åä}á Ú,ëïGêÚÛ+ÜÜ,ã3ê




4ã3äí3ä«Þsá Û A := B ∩ I =åé¼ã3êèKC â5ä«Þ á Û]Aã3ïGã3Û |g|({I) = 0 ÚÛ+Üsë~éGâ5ïGâ5Ý%çVè
h+(B ∩ {I) = h−(B ∩ {I) = 0 á Ú,ëïGêÚÛ+ÜuÜ,ãiå7ã3êmåäã3Û=ß+á â5â_å
h(A) = h+(A)− h−(A) = h+(B ∩ I)− h−(B ∩ I)
= h+(B)− h(B ∩ {I)− h−(B) + h(B ∩ {I)
= h+(B)− h−(B) 6= 0,
AqéGÞbÝ5äÜ,Ý5ã
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ÌÍÉË#Î#ÉË Ii ∈ IΣ, i = 1, ..., n
ØfÓÙ+×ÐÓÓ























írM£]®@¡` (gi − gj)(I˜ij) 6= 0
¹
¤K®9®@¡;ï_¢







§ (gi − gj)(I˜ij) = 1
M§ Mé§¤9­¢




ïôòK¡;¶J¶ (gi − gj)(I˜ij) = −1
®*§õK¤@¢
§¦M§¤9­¢
















¤K® gj(Iij) = 0
gj(Iji) = 1
¹























½ÅÄ;ý@Ç[È3ÉÊ g1, ..., gn
ÉÊËpÉYÌ5ÉË#Î#É"Ï*ÐÐÑÒfÉÊ
ÓxÉÔnÉÑ`ÓÕÖOÊVÉM×#ÉËpÉÑ`Ø(ÉÑFÎÙx×Êﬃþ










i=1 αigi = 0
ípM£
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ÓÊﬃËKÔnÐÑÊFÐËKÚãÉ(ÌÍÉËOÎ#ÉË Ii ∈ IΣ, i = 1, ..., n
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f 6= g ;ﬀ<
78=7>@?-AﬀB-8DCFEHGI7KJLCHMONM98@A:P->Q7KJCMOAﬀEHGNCHM98CEHGI7SRT7HU3V
MOA>%7:WX578
α ∈ [0, 1] Y
:ZB





















α ∈]0, 1[ ¦
¤DX













Q ∈ {0, 1}IΣ
W¶fgN:T:S?8h¿M
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Vg1 ∩ Vg2 = {0}.






























































µ¯g ∈ Vg Y
UCáﬀçù-ñò	bBôQ[
ã'äåæç













µ¯g(I) = p ∈]0, 1[
òp`Áëç¤ß3ìêêáJñò]>ZJã~äåæç
õáﬀééXHõáââ
0 6= (µ¯g)I , (µ¯g){I ∈ Vµ¯g ⊂ Vg.
qsr't uv_w_xKyKz{|M}ﬂyK~A,|3Kw?yK}w
ﬀ
(µ¯g)I(I) = 1 6= 0 = (µ¯g){I '
3






























































































































































































































































































































0 < αi ≤ 1,
∑
αi = 1 *









































































































d := ||g˜ − g||TV
g∗ := g˜ −

2d














































































ﬁ	ﬂﬃ! #"%$'&(ﬃ)ﬂ*,+-ﬂ.0/#1#.%.24365'&(7!ﬂ89ﬂ*:/<;%.%ﬁ>=2?=-@BA	"%.%ﬂDCE5'.F,G"%*, #.%/<;%.%ﬁ g∗(2) = 1
;%.+H+%1#895'& g∗ ﬂ5'.HF:&:AG"1	F:&:5F,G"%ﬂ*JIEﬂ/&:A	*K.1	G,"L7!ﬂ89ﬂ*:/;%.%ﬁM=2?=	N2EOP5'*BF:ﬂ&:Qﬂ.
.<;%.
gt := g + t(g
∗ − g)
;%.+RﬃSﬂ5'&:ﬂ*
T := sup{t ∈ R+ | gt ∈ Kg}.
7!ﬂ89ﬂ*:/	ﬂ	T+%1	FF T <∞ T+-ﬂ.%.UF:ﬂ&:Q&V8W1#.R5'.FX.1	G"-YZA	$ﬁ	ﬂ.+-ﬂK[<;%\%$'ﬂ898]19^2`_W.
;%.
V = Vg
T K = Kg
T g = g ;%.+ f = g∗ − g TaF:AbYdc%"%*:&:ﬂ]+-5'ﬂ9eV.%.1#"%89ﬂ T = ∞
1#;-Y g2 − g ∈ Kg
2EO0ﬂﬁ	ﬂ. (g∗ − g)(2) = 0 YZA	$ﬁ	&J895&B7!ﬂ89ﬂ*:/;%.%ﬁf=2?=-@1#\ﬂ*
g2 − g 6∈ Kg
2-O0ﬂ5'&:ﬂ*gﬃ)ﬂﬁ	ﬂ. g1 = g
∗ ∈ Kg























n£grdŁ g ∈ K Ł f ∈ V r¤Vk# ∀t ∈ R+ :
g + tf ∈ K £¥	ŁŁ6	- f ∈ K £
¦
-§b¨h©
VO0ﬂﬁ	ﬂ. g + nf ∈ K,n ∈ N 1#;-Ydﬁ	*:;%.+U+-ﬂ*wª(ﬂﬁ	ﬂ$ﬂ5'ﬁ	ﬂ.F,G,"1Yd&:ﬂ.U1#;G,"
∀n ∈ N :
1
n
g + f =
1
n
(g + nf) ∈ K.
p




















































































































gt := g − t(g
∗ − g)
ß%úûRýSùô:ùõ
































0 ≤ αi ≤ 1,
∑





















































































































































































































































































Vgi ∩ Vgj = {0}
«#¥:¶(¼í½0#¥+¥:¨ÈÍ±îJÏ(±dÒi#«# 






















































































































































ﬂz {ﬀ|zz +Mz&|;{ﬀ| %&{&|&z+Łz "#~"{MﬂzE{+
8"&|z |zﬂ|? &||
Kg ∩ Eg = cone{g1, ..., gn}.
pz >¡M%"{ﬀ&|&Jz£¢¤7$&|8#z+z;z ﬀ¥¦{M ]~;z §|"<¨&z~&+{`  §|~ª©y{ﬀ7~9«,&| n «#{z z |













Á´`¸ 0 < βj ≤ 1
















































Eg := lµ ∩ Vg
Ëï
jÑkiﬂl·¸¶¸´M½&lÇjiﬂl)ß>¶ÏÁ ¾&½&l g ÏlklÏl)»ﬂÏ·Ç¸»ﬂÄM´¹º








































0 < αi ≤ 1,
∑n
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 ﬁﬂﬃ2$#LK7(MNﬃ#$H/ ﬁﬂB7#$03ﬁﬂ)2$ ﬁ:OA P+,0367B
g
H/#$+Qﬃ HRB7 #$ﬁ"JB/B,+7)+,#$03ﬁﬂD6, ﬁTS86, ﬁ"U V3 P+,0367B













Vg¯ ⊂ Vg 
%' H44$bJ ¡74¢¤£"6Gﬃ#$¥!"H/-3 P3 ("6,+,
EG#K7(+,!"ﬁ"-Wﬁ" ("H/ ﬁ¦;=#$6§ﬃ#$>¨A©#B7+, ﬁ"U> #ﬁ"JB








4$bJW)2B ﬁﬂﬃ2$#Ky(MNﬃ#$H/ ﬁﬂB,#03ﬁﬂ)2$ 6 @ 6,-30ﬃ#ByK7(" 6 @¬B,+7)+,#03ﬁﬂD6, 6 @¬B,+,0M





%±)3B,#B> 6,-30ﬃ#B7Ky(" 6QOA P+,036, ﬁ²!"ﬁﬂﬃ<P3Z3ﬁ"ﬁ" ﬁ°ﬃ#$W%')3B7#B,V3 P+,036, ﬁ:V303ﬁ
Eg¯
H/#$+>-3M
;=#ByB, ﬁﬃ 6G%±)3B,#B,V3 P+,036, ﬁV303ﬁ
Eg
#ﬃ ﬁ+,#ﬀﬂU #$ 6, ﬁ
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τb¯g(I) ≥ τa¯g(I) > 0.
¯¾ -3 ﬁ













































Eg = Eg¯ = span{g¯i | i = 1, ..., n}.
¼½#$+=ª
 H/He)C¹"4ÀÚb§.i032$-3+














µ¯h 6∈ span{gi} =
Eg

















ó/ôõ gi ∈ VQg¯i ö÷





















"ûü"þ3ô$þﬀ3ú ô$õú ø g¯i ﬁ








































"øﬃô$úú ø7ù,õ,ú9+*$ú ô:yû"ú ô$õ'ú ø,ô$ü"ü"ú ø,üWý=ô$ø4
üô$ú
57yû"ø,ú ô?ýXú ôù,ú¥ù;yû"ø,ú ôú üWý=ô$ø



























$þ3õ±ýú þ3ú ü Vµ¯g ⊂ Vg
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|λ1| ≥ |λ2| ≥ ... ≥ |λm|
û!ü'ôjéé éVçééYçé{ý?è^õ
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°	 8¡¢ °ﬀﬁW¡ﬂ¢ﬃ0¢ ! °"$#F± 
	¢|¡B¢ﬂ±













≤  ⇐⇒ transdimg ≥ 1− dimg
#F± 










































































∆n−1 := {x = (x1, ..., xn) ∈ R





f : ∆n−1 −→ R









0 ≤ f ≤ log n R	S<T
f(x) = 0 ⇔ x = ei = (0, ..., 0, 1
i
, 0, ..., 0) [#\]
O(Q































































































































































ﬂ+ ﬂ + ﬂ&#%!"?











n, k ≥ 1


























































































































































































































































































































































































































































































log card(Σ)k −→n→∞ 0 ﬂ#
S


































































































































∀n ≥ N0 : |an − a| = lim
k→∞
|akn − a




∆n−1 := {x = (x1, ..., xn) ∈ R








































































∀ ∈ R+ ∃δ ∈ R+ ∀n ≥ 2 ∀x, y ∈ ∆n−1 :































































































































 m ∈ N
¸
M¤























































































| log m− log N | −→
N→∞
1







h : [0, 1] −→ R
x 7→ x log 1x .





=⇒ |h(x)− h(y)| ≤ h(|x− y|). ﬃ
 "!
#$%&'()+ô;î«ù4ð÷>ðî+*ðñ>ýßﬂñ-,/.0)õûþ`ïﬂøõ#õ






































































x < y ≤ 1e
R&ô;ðîüô5û
|h(x) −
h(y)| = h(y) − h(x)
S) ô;îAù4ð÷>ðî+*ðñ.þXïﬂøõõïô;ðìﬂßﬂñ*`ûôF2ñ















































K > 0  2 ≤ n ∈ N Ł
∆K,n−1 := K ·∆
n−1 := {x ∈ Rn | (1/K)x ∈ ∆n−1},
6|
x = (x1, ..., xn) ∈ ∆K,n−1 ⇐⇒
n∑
i=1











hK,n : ∆K,n−1 −→ R




















x = (x1, ..., xn) ∈ ∆K,n−1
ts-§©¨ªo<¦«+o<¬




















































































2 ≤ n ∈ N
îí-ï
x, y ∈ ∆n−1 ð-ñ+ò
ïó
ñ:ñ ||x− y||1 < δ ôõ
ñ¹ö
ì÷ø¹ïó6íí









































































































































































x, y ∈ ∆n−1


















k ≥ K0 l








k ≥ K0 l
∀n ∈ N :
∑
a¯∈Σn























∀k ≥ K0 : ||x
n
k − y
n||1 < δ. ùxúôji4i"ý
o=p q=p6r$s"tEuZv"wxr$u/y6tErsSz"v"s{rB|}^z"r~Lt/v"u/r$s 























































































































































































































































































































































































































































































G = (V,E ⊂ V × V )
{k|`}{k|`E{kE{k!I0




M : V × V −→ R
{k|`}Z{Aq}XE{k}~Łﬃ{k{k= }hu¡k }L=|`0}:V¢ŁN{k|
M(v, j) = 0
¡
(v, j) 6∈ E
 }I
Y : V −→ Σ
£¤¥
¦§U¨ ©ª«¬I­ﬂ®~¯6­ﬂ°±®~¬I²~«³~±¯
´kµ`¶Z´ Σ ·E¸ ´k¹º=µ»´¼ﬂ½¶:¾Lº=µ\¿¶2À:Áﬃ´¹
Â´k¶qÃÄ¶I¿0ºE´k¶ÅG¿¶ G ÆÇ?È ¶X¶¶Z´k¶I¶Z´k¶ ¸ µ`¹VÂ ÈhÉÄÊ ½GË:´Ì













∀w ∈ V :
∑
v∈V





µ`¹éÙÀ¹ a ∈ Σ è½¶Iê0ëkì É º
Va := {v ∈ V | Y (v) = a}




Va¯ := Va1 × ...× Vat = {v1...vt ∈ V



































































































n := |V | Æ ¼À¹ p ∈ RV mµuº
∑




















µ`¹$¶Z´k¶X¶~´k¶ p ´kµ`¶Z´k¶rLM,ﬃ<!sÓCÓ/4`ÑIÔÒtJ+*CÕÏH*/LM,bÓ*CÕXÒ2N¢ØIÙ È Ì`Ì É







G = (G,Y,M, p0)
»8¼!½$¾i¿À^Á½(ÀÃÂ»ÄÁ¿Å8ÆÇÈ|½(É
n := |V | Ê
ËUÅ½½jÉM»!Ì]½(¼E»8¿»8½jÍÎ¼!¿?ÏÈ|½(ÐÑÒÇÂ8Ó(Ô8Õ|¿




∀(v, w) ∈ V 2 : (Ta)vw :=
{







a¯ = a1...at ∈ Σ
∗






















G = (G = (V,E), Y,M, p0)
»8¼!½¾ñ¿dÀ^Á½=ÀÃÂ»×Á¿ÅÒÆ(ÇûÂÀUÁ¼ÞAÓ
Ô8Õ_¿








s=1M(vs+1, vs) ·M(v1, w) v ∈ Vat










































































































































































































































V := {1, ..., n} × Σ
Õ6È$É
Y : V −→ Σ
(i, a) 7→ a.
îDÇ¢ÚyÇÉ4ÆÈ]ÔPÇ ðïÇPÆÚ0ÆÈÈ]Õ)È~ÉÇPÆBñcÚ_ÙêÈ$ÙﬂÏoÆ0ÙÎÑ	ÆÚ.ÒÔÛÙÚ_ÆÈ






M : V × V −→ R














i = 1, ..., n
ÆÇÈ









































gj(a) = gj(2) = 1.
;:ﬁ9 !






























































































































































G = (G,Y,M, p0)
	¦´5¡Ì'µpb1¤µ¡Ì ¶#W¦¢N	¦®1³S	é¢®	
Ï^ﬀ^5Ïµ^ﬀ	 Ìï^¢^ﬀèK b
∀v ∈ V : p0(v) ≥ 0

|!æ
∀(v, w) ∈ E : M(v, w) ≥ 0.

|ﬀb














































ßj,a'u lEa'cj,kHl>'lokHh0lmoh0f7­rz"d0du l>d0l>ef'l>jà7`Fjf'l>jÚaSs"h0l>d0l>jRl>h0j"loárcd0d0l¥u l>h4kHl>£l2
f'S`xtf'z"j"eNl>h0j"lEa}¨'cej"cLa'l>eS`Fs"t"l>jŁ¢_YlEa't,`Fd0ul>jf¼bOl>'j"l>jv}hGaSh0lŁ
¯qX,°"[]±i[G²[;³i±â´Ł0¶2ã<^qä¢52-














G1 := Gg,(gi) = (G1 = (V1, E1), Y1,M1, p0)
8+<3
G2 :=















Gp1 = (G1, Y1,M1, p1)
8+ﬁ3









































n := dim g
/ﬁ*,-G/#Ky
n,7®#%$g$4%n,&.&.*,1)*,-G-j#i)¯15.&(kml*,-G©X14%6%-4$*,6%1g#il*,-






1 (j, b) = (i, a)








































































































e(i,a), i = 1, ..., n
6%*,l¸%1*,-7-j/¹#i-j$4%-j$g)*,-¹#i7j$ºI75.5.*,-?ª»*,)n,*,-
¬o&.1

















ÝõÛ'Üi×.×.Ö a, a1, a2 ∈ Σ, i = 1, ..., n




















	 g ﬀﬁﬃﬂ !"#$%ﬃ'&"(")*+%ﬃ,-&ﬁﬃﬂ(.%ﬃ,/0%ﬁﬃﬂ*21354.,-&"*$6 dimg =:
n 798  (gj)j=1,...,n :;=<>(?%ﬃ0%A@B&" Vg C %&DE(?%F%$"' gj %ﬃ,-&ﬁﬂ (.%ﬃ,/0%ﬁﬂ%ﬃ C 8 
G
,H* Gg,(gj) =: (G,Y,M, p0) I*JI(BK8L(?%F%&MK'*ﬃ,HONP*Q&FR"&.%/R"*S(ﬃT3ﬂ UV=(E3$%:;










































































Ö,ÛîjÜi×.ÕÖ,ØtØìØ£ÝõÛ'Üi×.×.Ö a ∈ Σ p ÓÔ%é=Ô%ÛñîÚ(Óé9Ö,Ø



























































































































































A1 . . . A1ÓÓÓ Ó Ó Ó ÓÓÓ





















A1 −X · Idn A1 . . . A1



















B −X · Idn B −X · Idn . . . B −X · Idn



















B −X · Idn 0 . . . 0













Am 0 . . . −X · Idn


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 ,+,*$' -/.10
2436587936:;5=< >?3A@B365=CEDF3:HGI:KJ,LMJC#5ﬁ795=J,NPORQTSVUXWYU[Z]\^`_`a1^`b`cd=e	fVc	agb^`b;h ^`ijkZ
l
b6mRU[b]h ^`b`cnh U9oqprU[stsu\	o\^ dvh SVUxw,U[i1fVU[c	^`b`c
M =
∑





















































































































































































































































U[i1c	e h SﬁojkZÑ`o1e?Z]\aqh U[iÅMSVc	U[b`i\^`súh U9ovÒ	e	fV^`a1SVe	b]oe	_,U[i\a1e	io
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0








"Zkv'(4!-(5b'9w ,)2"$ﬃO]7Rﬁ5$4!ﬃO]xRTy16("7"S #"S%( ,ﬃzU
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%('(EFE
0
)ﬃ!=,ﬃ! ,+$ ,)Tﬁ"$'3 ,)ﬁ5$R2H94!5\ ,+%( ,ﬃ!) |-( ,+$ﬃO]7Rﬁ5$ ,5$ ,)¼su+$ ,ﬃ`"$ (@ﬁﬂ #"$R2694!8
h
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)-TL1631LﬃO #"$ ,+&su)'(5$ ,)» ,ﬃ!) jﬃ!+$+$ #1
0
=,ﬃ!84O (Ty698-( #"7]7R4!'y"x"$ ,) 
no ,)-( X8ﬃ!4O1L ,5,@Q¸bﬃ!)21L ,).?ﬃ!+=,.& ,ﬃWsu)'(5$ ,)
v1, v2





698-( #"7]7R4!'y"x"$ ,)iﬃO"$5,@2¸694!4O"a)ﬃO]xR5,TQ1L 
h
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V ∗ = (V \ {v1, v2}) ∪ {v}
0
)21
(u,w) ∈ E∗ ⇐⇒


(u,w) ∈ E u,w ∈ V \ {v1, v2}
(v1, w) ∈ E ∨ (v2, w) ∈ E u = v, w ∈ V \ {v1, v2}
(u, v1) ∈ E ∨ (u, v2) ∈ E w = v, u ∈ V \ {v1, v2}
"$'Ã.?ﬃ! 
(v, v) ∈ E∗
Tk_694!4O"|ﬃ!E
0













169))r ,ﬃ!) Vﬃ!+$+$ #1
0
=,ﬃzU
84! (T698-( #"7]xR4!'y"7"$ ,) sV'(EFP'() ,)5$ (@YW"jﬃO"$5 ,ﬃ!)f ,ﬃO]7Rﬁ5$ #",T2 ,ﬃ!)=
0





































































































































































































































































































































































































































































∀v ∈ V : vTQv ≥ 0.
sWx.xyvEExMxyuvsl~6vxE(~sh xyv zi{E|~¡(vEx
























































A = AT ,
B = −BT ,










































































tr Q ≥ 0 
¯u












A = S−1diag(λ1, ..., λn)S
9+ﬃ*
f : C → C
!#/2ﬃ+!æô9+ﬃ+&3'/N(ﬃ),'N\*K!yõﬃ+/!#%'!#ﬃaDR/%




























































































































λ+ := max{λ, 0}, λ− := max{−λ, 0} ´
[U]




D+ := diag(λ+1 , ..., λ
+
n ),







































||Q||1 = tr Q
































tr Q0 = 1, ó¡ôUõrq÷
∀Q ∈ V : trΨ(Q) = tr Q, ó¡ôUõtsﬀ÷
∀a¯ ∈ Σ∗ : tr Ta¯Q0 ∈ [0, 1], ó¡ôUõtuﬀ÷
ò¤ìTãfâ*ánãfà#ð®â4éãç,àãvfSãfà@ç,è¡ì,à
















































g : Σ∗ −→ R




































































































































































































































































































































































Di := diag(0, ..., 0, 1
i
, 0, ..., 0),
;=<=> ?,@ACBCDCE$F:GE$H0IJ*KMLCEMKMNGHPOKCQRGSﬁSﬁG
TU*VWV!XZY[U:\]X^_XU`U:TUaV\]XcbdeX^gf-h7i^=XjU Ta : V → V kl
^ a ∈ Σ fT k VX^nm6fpo,\qo
(Di)i=1,...,n r























Q0 := diag(α01, ..., α0n).

















































































Qii = tr Q
¯e¬:¶|¶e·ﬁªn¥P´¿7À»ÅÃ»CÆ©j¥Ç¬!¯e¬
a¯ = a1...at ∈ Σ
t »:¤a¥P§È[©j§¶©j¬u¬¯e¬|­j©j¥P¾©j¬Mµ:¶e·³³











































(τa¯)igi(2) = τa¯g(2) = g(a¯)
ø
éùP÷õjú$û7üúüý"þjðjïP÷ðjö	èïPêöìeö	ßnïPõ éùPùqíõﬁö:îïP÷ðjê ö:îìõ_ïPéö	
$ðjê t úeê t = 1 ìeö:î
a ∈ Σ ÷ïPùPõû




























































ðjõ_õ_ðjöh±|îïPð ßnëﬁöh±è[ðjöeö ß®ëﬁö íé)èïqùPùC±ﬃïPö²2ö:ëﬁùPé÷ïPð þjìeß ³ðjê_óNﬁùPõ_öeïqí`îðjê













üú#"<¾1&GxG)].ZGY?!.NB\+<.N96EGFH>WR.1>D=%+<96_`>K0S+8262 (V, (Ta)a∈Σ, Q0)
;)6B Q0 ∈
V+ := V ∩ S
n
+ 















































































































































































































































= ||Ψ(Q+ −Q−)||1 ≤ ||ΨQ
+||1 + ||ΨQ
−||1
= ||Q+||1 + ||Q
−||1
(8.1)
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U : CN →
CN
Vo?1J
N := d · card(V )
SZAPO#F?1AUFCp-FDG5GqFANrSZAsJ^?5n_A

















c : E →
A
[ŁInO<QIMIzO_?FFNAXWXFA



















(v, a) ∈ V ×A
[
In-W_?3GaJ
Ue(v,a) ∈ span{e(v′,a′) | v
















































































2 = 〈Pvψt, Pvψt〉
= tr Pvψt(Pvψt)
∗ = tr TvΨ
tQψ
ôõiöv÷Pövøù3úù5öû
ã}Ò9ü_üﬁýuþß  W := (G,U, ψ) ß iß	
Kß  N =
d · card(V ) ﬀ þ ß ﬂﬁ{ß Kß
Pv : C
N −→ CN∑
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QW := (S



















































ÀNÎ3ÎqÀNÌÐ5ÈﬁÌﬁÍ}Å]Áq½_Ì&ÈﬁÂÀNÁqÌﬁÀ ð>Á3íÔXÅ]ÀNÂÄÉÅ]Ç]ÁqçUáÉÎ3Êj½ Qψ ∈ S
N
+




Á3ÎqÅ trΨQ = tr UQU ∗ = tr Q ÈﬁÌÆÄ½ei ÀNÌÊ]Á3íÔXÅ]ÎqÁ3íÔÄÌÉ_íÔ&ð>ÀkÌﬁÁqÅ]Á3½_Ì
Tv(S
N
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÷%é"î þðö43Düöé"ôoÒóü%ù ìü%ðé"ð\í1é"ðêþù ù é"ðAèð\òëô1èëð\íóîFë%êê1é"ðÕBùbØèõñ\ívöé"ôoò%ü%ô1ñé"ô	
÷%é"ñé"ðöé"ðúíëïèî8è8íûíê1í1ñé"ü%ô1è8éîë%êê1é"ðÆê1èõñ5(þêëù ù é"ðñûð÷%éRý"ß'èêõñé"ð¹öé"ð¹é"è8ð
ý"é"î8ðé"ðÌÒoü%ðý"é"ìí1é"ðñé"ôê1í1é"îî8é"ð6vëþìí1é"ô1÷%é"ïðèê èê1í~öè8éRÖPëíêë%õñé%ø.öë%êêﬃê1íëï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F : (V, ||.||V ) → (W, ||.||W )
é"è8ðéDî8è8ðé/ëô1é~Óvïïè8îöþð÷ﬀý"ß'èêõñé"ð9ðü%ô1ùﬃè8é"ô1í1é"ð
1Gé Xí1ü%ô1ôûþù é"ðøfê1ü êé"è




































































































































































































































































































































































































































































































































s ≥ s0 : Ker(F − λ · Id)









∀s ≥ index(λ) : Ker(F − λ · Id)s =





Va(λ) = dim Ker(F − λ · Id)
index(λ).
Ã ­_|ﬃ{©|









































n := dim V <∞
¡M$z




























































∀N ∈ N : ||FN || ≤ K V
a SM

























d K ·B := {v ∈ V | ||v|| = K}





















































































































d λ ∈ C
ijM




























































































































































c2c limj→∞ cos(kjφ) = 1
fU>h

















































































λ ∈ R s
Y
e

































































||F kv|| = |α| ||F ky|| = |α| ||λky + kλkx||
≥ |α| (||kλkx|| − ||λky||)
|λ|=1






























cosφ sinφ 1 0
−sinφ cosφ 0 1
0 0 cosφ sinφ















cos(kφ) sin(kφ) k · cos[(k − 1)φ] k · sin[(k − 1)φ]
−sin(kφ) cos(kφ) −k · sin[(k − 1)φ] k · cos[(k − 1)φ]
0 0 cos(kφ) sin(kφ)



































Ì`Ì limj→∞ sin(kjφ) = 0
ÏÊ>Í
limj→∞ cos(kjφ) = 1
à;ûÎ.ÊÊÙ4ÔPÕPÇ
||F kj+1v|| = |α| ||F kj+1y1||
= |α| ||(kj + 1)(sin(kjφ)x0 + cos(kjφ)y0) + sin[(kj + 1)φ]x1 + cos[(kj + 1)φ]y1||
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||F kv|| = ||α1F
kv1 + α2F
kv2|| ≤ |α1| ||F
kv1||+ |α2| ||F
kv2||
= |α1| ||cos(kφ)v1 +−sin(kφ)v2||+
|α2| ||sin(kφ)v1 + cos(kφ)v2||






























































F¯ ◦ F = F¯ = F ◦ F¯
¨




































F : V → W
7/3<ìô(Íçﬃè6îvï/ò¤	Kì























































































Unmm n := dim V <
∞ S
P2R















































































































































































































































































































































































































































|λ| = 1, λ 6= 1
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ì (a+ ib)(v1, v2) := (av1− bv2, av2 + bv1)
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dim V = n  F : V → V
K
  KX¡£¢?K¤n' ¥
v ∈ V ¦§
Ik¨6KE©K$ª«
fdimF : V −→ {0, ..., n}
v 7→ dim span{F kv | k ∈ N}
¬
ŁŁ/s8Ł®­


































n := dim V <∞
¯¥






































fdimF (v) ≤ deg mF
FIC/]EMT@XC/UIlTc




















































































"H(2IJ'ﬀﬂKL3!$*& A|W ∈ C
degmF×degmF MN KPO-! %!ﬀﬂ'ﬀﬂQ(ﬀﬂ"
"#KLKRﬀﬂ;










1 ∃i∗ ∈ {1, ...,m} : j =
∑i∗





34 %(*- w0 = (0, ...0, 1
l1
, 0, ..., 0, 1
l1+l2
, 0, ..., 0, 1
d
















!"# %2G+.ﬃ; j = 1, ..., d − 1  l =


































































































































1 · · · λ
s1−1



































































































m · · · λ
sm−1

























































































































































































































v ∈ V Y[Z
HF<<]\;8:A0^B8:<`_a9-E
afdimF : V −→ {0, ..., n}
v 7→ min
S⊂N,card(S)<∞













































n := dim V < ∞
º"²½










































































































































































































































































































































α ∈ Cn ~
ha




























































g(p)(λi) = 0 s!
g
























































k + (d − s) ~
haq,b&g































































































































n := dim V < ∞
ﬁ
! 

















































card(S) < ∞ : span {z ∈ V | ∃k ∈ N \ S : z =













































































n := dim V < ∞
G
J 







































































































































d := minz∈δB ||z||2
Ç¥L¸L®





















































































fdimF (v0) = n
ÔÆ¥L®D¡6°2£+­&«­&°C©{º«®­&°






















FB ⊂ B À
ÍG¶%·«­&¥Lµ1­&°C²D¥L«MÕ;¾«
δ ∈ K










v0 ∈ δ1B À
âh¬ÁÕ;º¸LÇ®Á²I­&¥L®­&«&Ô!£¡¬%¬






























afdimF (v0) = n
Ô
Æ¥P®Á¡6°2£+­&«­&°z©{º«®­&°¨





























































∀x, y ∈ Cm : 〈x, y〉 = x¯T y,
wSTF@E>
x¯ := v1− iv2
e\4D
x = v1 + iv2 ∈ C
m t#>|HIJ[LC>5]i>5BCLK4S'H^JP>A@?op@EXE@E>5HIJ4K#b4K4]
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Ai, i = 1, ...,m
〈1m, A






=⇒ éIêë#ìEí ei = (0, .., 0, 1
i
, 0, ..., 0) ∈ Km î ìEï i ðÍñCì~ò1óOô4õTô4í5ö^÷Iø4ì~ùpóTöIí5öð
ú
ìEò'ñCõTïEûüqóOô4ôýTíAþAñ








⇐= éIêë#ìEí z ∈ Km ûë'÷^ø4ïCìEíì z =
∑
i αiei  αi ∈ K 4ô
î
õTþAýTìEïCì




















































ìEôGöCí|÷Iø[ñCþ5í5÷Iøêë#ìEí y ∈ Km

î
óOô4ô-ýTí4ñiì&ö	ìEíAô x ∈ Km N íAñ Ax =
y ⇐⇒ A−1y = x ûOö  õTþAýTñ
〈1m, A
−1y〉 = 〈1m, A
−1Ax〉 = 〈1m, x〉












































〈1m, Bz〉 = 〈1m, S
−1(ASz)〉 = 〈1m, A(Sz)〉

































































































































¶ÓÔ2ÕiÖ'× A ∈ Km×m Ö'×Ø4Ö`Ù.Ú0Û2Ü3ÚHØÖ'ØAÝ@Ö'ØÞCß3ÛsÛ7Ö'Ø4Ö'à:áâIãäÝ@ÖØﬂå>ÖËæUâ0Ý]àC×Wçmß3Øﬂå
v ∈ Km Ö'× Ødèß3àÁé@× Ûëêìâ0ããÖ K = R à[Ö:Ö'ããÖ'Øí2ÞC×]ÖáÖmÕ4â0ÝèZîEïjðñòÚ0à[åHâ0Øﬂó ôwÚHàÛ?âIãWó
ê"Ú0àÛõâ.ÞÞ'Úöè××]Ö'àCÝ@Ö'à^÷Êâ0ßÜ4Ý]óÚå>Ö'àTøb×Wù>Ö'ØAú.ÖÙXÝûÚ0à
èß3Ûüøb×äùÖ'ØAýÖ'àCÝ λ ∈ C ïþÊâ0ØﬂØ7ù0×ãWÝûß















































































K = C ¶
ﬁ




























K = 〈1m, v〉 = 〈1m, Av〉
= 〈1m, λv〉 = λ〈1m, v〉 = λK,
£¾¿ª¡:¤¥¡³A­
©"'
l → l + 1
!(ﬁ




v∗ ∈ ker(A− λ · id)l
»A¤¦7ª¢0¤:¤









*,+-* +-*/.103254 6	28789178:;9<75=?>54%4 917@>A78BC0"9	D89<E
K = 〈1m, v〉 = 〈1m, Av〉
= 〈1m, λv + v
∗〉
= λ〈1m, v〉+ 〈1m, v
∗〉
IV








u	" A ∈ Rm×m 8LŁs/ﬂ^(<^8;	1hAHR<Ł^
A
Ł^/^c ¡Ł^;¢<Ł^ A \A¤£%¥1;¦§?^ v ¨ 1©£c¥H;ª«/ 1 x\¡1
£%¥¬/<ŁT­/




















































































£%¥1;¦§?^ ¨ 1Ù£%¥1;ª«/ 1 1A (1, 1) Ú Ł^ÌA¦§/§^ ¨ <
£%¥ª«? 1 3 xŁ|¬/LeŁ^;b?)e\Aª«HTÛ£%¥¦§?§^ ¨ <Ü£c¥H;ª«/
1 ¥RA3£·¥^ÝHR|¬/ 〈12, (1,−1)


































































conv(B) := {x ∈ Rm | x =
m∑
i=1































Hr := {x ∈ R
m | 〈1m, x〉 = r},
H{<,≤,>,≥}r := {x ∈ R
m | 〈1m, x〉{<,≤, >,≥} r},











































































x ∈ Rm+ ∩H1
aWdfb&jO ﬂ_,d&jk_,g
||x||2 ≤ ||x||1 = 1
RyHbfikn









































r · (B ∩ H1) := {x ∈ R







































x1 = r1v1, x2 = r2v2 ∈ K 	
r1, r2 ∈ R
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S : Rm −→ Rm
ei 7→ e+
d




























































||Sx− e||2 = ||
∑
i





























 ﬁﬀﬂﬃ ﬃ!" #ﬃ$&%'ﬁ ﬃ(%)ﬃ*+, ﬂ- #.
/1032547684:9;6
Sx ∈ (H1)


















































































































































































*$ æ51 ﬃEab<dke <
lBm6n?no
æp<cNqrts_u^s_v


























(C ∩A) 4 (C ∩B) = ((C ∩A) \ (C ∩B)) ∪ ((C ∩B) \ (C ∩A))
= (C ∩B ∩ (C ∩A)c) ∪ (C ∩A ∩ (C ∩B)c) = (C ∩B ∩Ac) ∪ (C ∩A ∩Bc)
= (C ∩ (B \ A)) ∪ (C ∩ (A \B))

















P (B) = P (B \ A) + P (B ∩ A)
*1
P (A) = P (A \ B) +
P (A ∩B)
U898
|P (A)− P (B)| = |P (A \B) + P (A ∩B)− (P (B \ A)− P (B ∩A))|













A \ B ⊂ (A \ C) ∪ (C \ B),
Â	ÃÄÄ ½ Ã ¿
x ∈ A \B Å
½Æ ÂÇ ½ ½
x 6∈ A \ C Å
ÂÇ(ÄÄZÈ Æ8À¾8Á
x ∈ (A ∩C) \B ⊂ C \B É
Ê
Ä1Ç ÀÆ8¾ È Æ8À¾ ÃËÄ/Ì ¿ Ë
B \ A ⊂ (B \ C) ∪ (C \ A)
Í
Ä1ÂZÂÇ(Î ¿Á
|P |(A 4B) = |P |(A \ B) + |P |(B \A)
≤ |P |((A \ C) ∪ (C \ B)) + |P |((B \ C) ∪ (C \A))
≤ |P |(A \ C) + |P |(C \B) + |P |(B \ C) + |P |(C \ A)






















(A ∩ B) \ (C ∩ D) = (A ∩ B) ∩ {(C ∩ D) = (A ∩ B) ∩ ({C ∪ {D)
= (A ∩ B ∩ {C) ∪ (A ∩ B ∩ {D)






















































































































































































































































































































































































































































































∀ ∈ R+ : P ({ω ∈ Ω : |Xn(ω)−X









ë@ñäWëéWë@ø ω ∈ Ω èê'ôLýjéë@ñkë@ñ~ì@å&í=îØé8å"ëtùtë@ø=çëéWë@ø Xn
dð8ñ
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äWëUäWë@ñ X∗ ÷ð'ñ-Jë@ø"ä'åUë@ú
øë@ñèmdð8ñ P õtåBçjéWë@õ õRê¨§'åBõRêæë@ñ


ëLì;ì¤ë@ø=ç 1 ïë=æëUä'ç8Qå&ø éS
©
+%'ª9ﬃ ? *12ﬃ ﬀw<J? 9ﬀﬂ'-12ﬀ{«
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îﬂíU5%í8î:VmîﬂíUTîﬂýîQCXWLEYAYníU@îﬂýI32îﬂýXJZLONETï%îﬂüýí îË&[ﬁVmîﬂí\3HLFüE5]YíU5?3Z32í î_^	î`P?5%íUTí üE5M32îﬂý
a R?YüEWU;HTíU8YATîTíU8E@îﬂíUTbFüE5ZJMLONî5MROî9<H8EW íﬃ>nïîﬂí5%îYIc8î`dJîﬂýî5H9ﬂþ
LONîYe;H5?3f32îﬂý{ìgLOT=9
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|f | dP <∞},
$?>
 1
















































































L1(Ω,B, P ) := L1(Ω,B, P )/ ∼
$?>
 1






















































































Ω |f | dP
3






L1(P ) := L1(Ω,B, P ),
ÏÐOÞUÞÜ égÞÐOÎ ÌÜ=ÖØiÚHÕ ßDÒÞﬃàAÑHÒÓfíZÒÜAÜ=ÎAÐOÚHÕ ÒÜIÜ=ÌàAÑÑ?ÐOÓ?ÔiÒÞÖbÝHæßúõ?ÌUÕﬁßDÒÌUÏÒÞ









































Φ : L1(Q) −→ G
f 7→
(








ker(Φ) = {f ∈ L1(Q) |
∫
Ω
|f | dQ = 0}














¬a 'G¢'À,G. '¡,¢'¢n£?¤¥ GQ À,¡,¬ G Ã











º |P1 + P2|(B) ≤ |P1|(B) + |P2|(B)
´
Ï¢L£?µqµq B ∈ B ©¨q
·±






Φ(|f |) = |Φ(f)|,
¦i¡,¢n£?¤










©µq¨²ﬀ³=º2º'¨q¶,¬¨G¢' '=º2­B£?® P ¥2¨q  |P | << Q ¶,G¶,G±{G¬Æiº'¡
¬
£? 'Ï¢'µq¨²n³×£?¤






¨²n³7 'G¬ f+, f− ¤¬
©#=º¶,¨qµq ©£?¬¬






¯%G¨qµy£?µµq¶,G¥2G¨q¬ V/(kerφ) ∼= Imφ
´











Ï¢ f ∈ L1(Q)
||f ||1 =
∫










ãyä5åæ»çaè é5êaë åOìaè é#ísènîXèGåïﬂð.é
ñ7é7ìaè éòè æEóaë ô`åè õﬂæ
Φ : L1(Q) −→ GQ



















































Φ : L1(mg) −→ lg.
¡¢A£¤¢¦¥W§
~¨©B(+ ]!J*8:ª @!85J!\%?-+BEB






















































































































































∀ ∈ R+ : Q({|fn − f


















































































































































































































T : (V, ||.||V ,≤V ) −→ (W, ||.||W ,≤W )
Unhty4ﬁZﬃ #! #"$q%ﬁ'! (),+! hﬁ'<roZs:oZozhŁs:p#p
∀v ∈ V : ||Tv||W ≤ ||v||V
oZ




























T : L1(Q) −→ L1(Q)
rnhorw{*n#znh¾rb¿®{}oztysNznh{}oZÀ¬¶rnro»Árn#zr7t






















































































































































mn(ΩΣ) = m¯(ΩΣ) = m(ΩΣ)
'&,úJüNß2ß2ù




























































































µh(B) > 0 ⇒ h(T−1Ω B) > 0 ⇒ Q(T
−1



































































































































































































































































































































































































































































































































































































)877	# s ≥ s0 : Ker(A − λ · Id)





index(λ) := min{s ∈ N | Ker(A− λ · Id)s = Ker(A− λ · Id)s+1}




Ker(A− λ · Id)s.
¦
?§ T%¨?¡ det (A − X · Id) = pA(X) =
∏m
i=1(X − λ)
si ﬁ¥j©ªt?¡ C ¬«­®
't¥3¡¯%¥j°0²±ﬁ¡I?Q0?¡ £	,3¨´³?µ_¥3¡I¥j°0¨?¡"	?,	%³"µFx¶±3£9·8J±3¸º¹0±3 A » ?±l3£K Va(λi) = si ¢
¼
RA,R?>?




Eig(A;λ) = Ker(A− λ · Id)


























à? A ∈ Cn×n ?'<°j±3¸2áJ£	8 T?¡",KR5ä*¥ﬁ®
,¡"
¢
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.eP lkj




















































































-/Mk].2*OMNOY-/R C z Ã:-P^*ORRSN"T

T$M0 F :























































































-/Mk].2*OMNOY-/R C z Ã:-P^*ORRSN"T

T$M0 F :

























































































































σ(A) = σR(A) ∪˙ σC(A),
d
+RBS"
σR(A) = {λ1, ..., λr} ⊂ R
Jﬁ	
















































































éæ<Ûâ λk = |λk|e











|λk|cosφk |λk|sinφk 1 0
−|λk|sinφk |λk|cosφk 0 1
|λk |cosφk |λk |sinφk ÷
÷
÷











|λk |cosφk |λk |sinφk


















































































































































































T ∈ Cn×n [<\
@:/5





















































































































z(kj)l−1 + λzj(kj)l ¸º¹

















































z¯(kj)l−1 + λ¯kz¯(kj)l ¸º¹











































































































































































· |λk| · [(cosφk + isinφk)(xl + iyl) + (cosφk − isinφk)(xl − iyl)]







































yl−1 + |λk| · (sinφkxl + cosφkyl)
¸g¹





















































































































σ(F ) = σR(F ) ∪˙ σC(F ),
u@[689
σR(F ) = {λ1, ..., λr} ⊂ R
LM:O<
























































































































































































1, ..., n i =b? ej = (0, .., 0, 1
j




























































λei + ei−1 ý
%í






































































































































































































M ∈ R2n×2n òôóöõ÷
ð9ñ





xcosφ xsinφ 1 0













































ei := (0, ..., 0, 1
2i−1
, 0, ..., 0)T ,

ê3ëìﬁﬂﬃ
fi := (0, ..., 0, 1
2i

























































l > j, l < 0
:93014













x0−(j−i)(cos[(0 − (j − i))φ]ei − sin[(0− (j − i))φ]fi),













x0−(j−i)(cos[(0 − (j − i))φ]fi + sin[(0− (j − i))φ]fi).

ê3ëìKJL





xcosφei − xsinφfi + ei−1 xy@z i = 2, ..., n,
xcosφei − xsinφfi xy@z i = 1,
Mfi =
{
xsinφei + xcosφfi + fi−1 x{y@z i = 2, ..., n,





ak,i := cos(k − j + i)φ
e@f














ak+1,i = ak,icosφ− bk,isinφ



















































xk−(j−1)(ak,1(xcosφ · e1 − xsinφ · f1)








xk−(j−i)(ak,i(xcosφ · ei − xsinφ · fi + ei−1)








xk+1−(j−i)(ak,i(cosφ · ei − sinφ · fi)



































































xcosφ xsinφ 1 0

































































































































≤ (1 + |ei(nφ)|) · |
1
1− eiφ













































































(ii) φ = s · pi 6
-
s ∈ R \Q.
78ﬃ!$ﬀ((:9 é<;*/010,.ﬁﬂﬁﬃ=">
q = n1n2 6
-
n1, n2 ∈ N
ä$%?,
nj := 2jn2, j ∈ N @
()-
cos(njφ) = cos(2jn2φ) = cos(jn1(2pi))



























kn, ln ∈ N M
/.JQ3,L/2/
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a¯ ≤ b¯ â^ãó
































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































JLKKNM(O&PNQR G"H QOSTVUXWZYZ[NM-\ G"]^"_	`a"b
JLKKNM(O&PNQR G"H QOSTVUXWZYZ[NMXc ^deH O"M ^ S _	`Nfg
h
QSi ^j+H Qk d^ Q H TVU `aa
h
M(kOei ^ ST G&H(Iﬂl OSnmoQ$M dep O"q `rsbN`rrbN`rrt
h
M(kOei ^ ST G&H(Inl OS l OSvu ^j R G SS `.rrw
x
OM H T ^H(Ij SkTVU `aa
y
i ^ S H Q$z dG"H QOSTVU `+w"f
l OS|{ ^ T G M(O}{ Gj+~p`Brrr
l OS|{ pG~ OS+U-M(ST H(^ Q)S `.aaw
l OSi ^ S5u ^j R G SS+T ~p+^ S ^ Q p+^ S `ab
l OSi ^ M ^ M(kOei+QT ~p+^ S ^ M( ^ k j Sk `,rb"f
l OS9i ^ M
h
M(kOeiNQT ~p+^ S ^ M( ^ k j S+k l OS9ŁM(OU
kSOT ^ kM G K p^ S `Brb
l OSi ^ MXO"M	i G SNUuOM(R G $U
x
OM(R `abs




l OS5 G~ OQ `a&f+r











































































































































































































































i  S G RQ)T ~	p^ T Fe T H(^ R `Ntw
 M ^ S I R G&]`,rsw
 M ^ S Il^dH OM `,rsf
RQ HﬀH  ^ M ^ T H	G&H QOS&M ^

QR ^ STﬀQOS `rbt
T H O ~pG T H QT ~p+^ MM(O I^ TﬀT `tt
c ^dH O"M `tw
T H O ~pG T H QT ~	p

QR ^ STﬀQOS `."g
h
l O j+H QOS+T(i+QR ^ STﬀQOS `g
K ^ M G"H O"M `Brg
M(O I^ TﬀT `,a
c ^dH O"M `,rg
c ^dH O"MﬀM Gj R `.rg
FeH O ~	pG T H Q)T ~	p^ MŁM(O I^ TﬀT `a
J/\ F U `rsb
^ SiN)Q ~	p U1i+QR ^ S+TﬀQOS G  ^ M `b
Q)R\5Q HﬀH(^  G T  RK H O H QT ~	p T H	G"H QOS"M ^ M `rsb
)QS ^G M G  p S+kQk ^ M `f
T H	G"H QOS"M ^ M `tt






























































































































































































































































































































































































 ú þüþ  ùNù  ùﬀú 

úþÏùVúýﬁﬀ ßﬂ úù1þﬃ.ü 







































































































































































































































































































































ÁsÄÇHÏ1ÄÏ®ÐÕ>ÅHÅMÄÒ>ÄÏ Ñ>Õ>Æ þäíÐ ÆvÂ








































































































































		ﬀﬂﬁﬃ ﬂ!#" $&%'ﬁﬃ	(")ﬁ*+,-./ﬁ*0,ﬂ12*13ﬂ546ﬁﬃﬀ	ﬀ	ﬂ3	$&3ﬂﬁ*,-7ﬀ	2*8#ﬀﬂ3	9&-#")ﬁ*1:$&- 1<;
=










$&2*2b$&2ﬃﬀ]_c->3ﬂ2* -A@ - 16X- -A3ﬂ2*ﬁﬃd1.F$>3e#$&8!f" $&%?")ﬁ*gﬀﬂh4?ﬁSﬀ	ﬀﬂﬂ3	$&3ﬂﬁ*,-
- ,)	iXﬁ*- +$&-#")ﬂ-kjT$&XA@ 2*3	9&36,)")6l?- ﬁ*	ﬀﬂﬁ*3	9&3?B@ 6mcﬂn
=
@ - 1,ﬂ12*1-i#$&3!
" $&%(ﬀﬂﬁ*5M($&8 1gﬀ	 -i,-k@ -A3ﬂ-$&- 118- -WN]ﬁﬃ2*o @ 8 2*ﬁ*X&$&3ﬂﬁ*,- -(M(- ,)	k- ﬁﬃ	A3
ﬂp&q->3ﬂ2*ﬁS	>3?rs,	")-iﬁﬃﬀﬂ3
ﬀﬂ,tr
ﬁ*!T" $&%FﬁS	(ﬁ*- dﬀ	,2ﬃ	 5uaﬂp&q->3ﬂ2ﬃﬁﬃ	A@ - 1F,?K?8);
ﬀ	 2*@ %+")gﬀemcﬂ,./,3ﬂﬁ*,-#ﬀﬂ
=
$& ﬂ-#ﬀe- ﬁﬃ	A3e,ﬂ-  .F-rh	")v4?ﬁﬃhw0gﬀﬂ3ﬂﬁ*./.@ - 1-




N]ﬁﬃ2*o @ 8 2*ﬁ*X&$&3ﬂﬁ*,- -PzP{}|?~PG ]!*{}|?~PG )
